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We present a numerical method for the computation of shakedown loads of engineering structures with
limited kinematical hardening under thermo-mechanical loading. The method is based on Melan’s stat-
ical shakedown theorem, which results in a nonlinear convex optimization problem. This is solved by an
interior-point algorithm recently developed by the authors, specially designed for lower bound shake-
down analysis of large-scale problems. Limited kinematical hardening is taken into account by use of a
two-surface model, such that both alternating plasticity and incremental collapse can be captured. For
the yield surface as well as for the bounding surface the von Mises criterion is used. The proposed method
is validated by two examples, where numerical results are compared to those of literature where
available.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The determination of the load bearing capacity is essential for
the design of engineering structures. In case of varying thermo-
mechanical loading beyond the elastic limit, this demands that
the shakedown factor aSD is computed as maximum loading factor
a such that the system does neither fail due to spontaneous or
incremental collapse nor due to alternating plasticity. Using the
classical step-by-step method for such calculations can be cumber-
some and computationally expensive in many cases. Moreover, the
loading history has to be given deterministically, which is not real-
istic in many technical applications.
Direct methods – comprising limit and shakedown analysis –
are appropriate tools to avoid these problems (see e.g., Mroz
et al., 1995; Weichert and Maier, 2000; Maier et al., 2003;Weichert
and Ponter, 2009). These do not require the exact knowledge of the
loading history but only its bounding envelope, as shown by König
(1987). In particular, we follow the static approach of Melan
(1938a,b), who formulated a shakedown theorem for elastic-per-
fectly plastic as well as for unlimited kinematical hardening con-
tinua. Since this theorem gives a lower bound to the shakedown
factor, it leads to conservative solutions in principle.
Consideration of kinematical hardening is crucial for most
engineering problems and thus has been addressed by several
authors in the ﬁeld of shakedown analysis. Notably, accounting
for only unlimited kinematical hardening does not cover incremen-
tal collapse but solely alternating plasticity (e.g., Ponter, 1975;ll rights reserved.
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Simon).Zarka and Casier, 1981; König, 1987; König and Siemaszko, 1988).
Therefore, it is important to take into account limited kinematical
hardening for obtaining realistic results (e.g., Mandel, 1976; Weic-
hert and Groß-Weege, 1988; Groß-Weege and Weichert, 1992;
Stein et al., 1990; Stein et al., 1992; Stein et al., 1993; Corigliano
et al., 1995; Pham and Weichert, 2001; Staat and Heitzer, 2002;
Nguyen, 2003; Pham, 2007; Pham, 2008; Pham et al., 2010). The
ﬁrst explicit formulation for limited kinematical hardening materi-
als was given byWeichert and Groß-Weege (1988) and Groß-Wee-
ge and Weichert (1992), who introduced a two-surface model,
followed by Stein et al. (1990, 1992, 1993). Later, Heitzer (1999)
showed that these formulations can be transferred one to the other.
Since the lower bound theorem by Melan is formulated in stat-
ical quantities it is particularly suited for the extension to limited
kinematical hardening. The two-surface model by Weichert and
Groß-Weege allows an easy introduction of this phenomenon into
the formulation (Weichert and Groß-Weege, 1988; Groß-Weege
and Weichert, 1992; Staat and Heitzer, 2002; Nguyen, 2003; Pham
et al., 2010).
The use of the statical shakedown theorem leads to nonlinear
convex optimization problems, which are typically characterized
by large numbers of unknowns and constraints when problems
of practical relevance are considered. From the different tech-
niques to solve such problems we chose the interior-point method
(see e.g., Potra and Wright, 2000; Forsgren et al., 2002; Wright,
2004). Based on this method there exist powerful algorithms, such
as IPOPT (Wächter and Biegler, 2005; Wächter and Biegler, 2006),
KNITRO (Byrd et al., 2000; Waltz et al., 2006) and LOQO (Vanderbei,
1999; Griva et al., 2008). These are, however, designed to solve a
wide variety of problems, which may result in less efﬁcient perfor-
mances compared to problem-tailored codes. Also, in recent years
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gained in importance in the ﬁeld of limit and shakedown analysis
(e.g., Trillat and Pastor, 2005; Bisbos et al., 2005; Makrodimopou-
los, 2006; Krabbenhøft et al., 2007b; Pastor et al., 2008), which
has been developed for Second Order Conic Problems SOCP. Since
not all problems can be formulated as SOCP and for efﬁciency rea-
sons, alternative algorithms have been presented (Zouain et al.,
2002; Lyamin and Sloan, 2002; Krabbenhøft and Damkilde, 2003;
Vu et al., 2004; Akoa et al., 2007; Krabbenhøft et al., 2007c; Vu
and Staat, 2007; Pastor et al., 2008; Pastor et al., 2009; Hachemi
et al., 2009; Pastor and Loute, 2010).
Among these, the algorithm IPDCA has been developed for large-
scale engineering problems with either one or two varying loads
(Akoa et al., 2007; Hachemi et al., 2005a; Hachemi et al., 2005b;
Hachemi et al., 2009). Based on the latter code, the new interior-
point algorithm IPSA has recently been developed by the authors,
which is distinguished by a particularly problem-oriented solution
strategy (Simon andWeichert, 2010; Simon et al., 2010; Simon and
Weichert, 2011). In addition, IPSA is capable to solve shakedown
problems with multidimensional loading spaces (Simon and Weic-
hert, 2012). Up to now, this formulation was valid for elastic-per-
fectly plastic materials of von Mises-type only. In this paper, we
present the extension for limited kinematical hardening material
behavior.2. Lower bound shakedown analysis for elastic-perfectly plastic
materials
Let us consider an elastic-perfectly plastic body K with volume
V and surface A, which is subjected to varying temperature loads
Tðx; tÞ in V, body forces fV ðx; tÞ in V, surface loads fAðx; tÞ on
Af #A, and prescribed displacements uðx; tÞ on Au#A, where
A ¼ Af \ Au and Af [ Au ¼ ;. We restrict ourselves to time- and
temperature-independent material behavior without considering
material damage or geometrical nonlinearity. The existence of a
convex yield function f ½rðx; tÞ;rYðxÞ and the validity of the nor-
mality rule are assumed.
2.1. Melan’s statical shakedown theorem
The current formulation is based on the statical shakedown the-
orem by Melan (1938a,b), which provides a lower bound to the
shakedown loading factor. For this, the total stress rðx; tÞ in a point
x 2 V at time t is decomposed into an elastic reference stress
rEðx; tÞ and a residual stress qðx; tÞ induced by the evolution of
plastic strains.
rðx; tÞ ¼ rEðx; tÞ þ qðx; tÞ ð1Þ
Here, rEðx; tÞ denotes the stress state, which would occur in a
ﬁctitious purely elastic reference body KE under the same condi-
tions as the original one. Both the elastic reference stresses and
the residual stresses satisfy the equilibrium constraints as well as
the statical boundary conditions (bc).
equilibrium : r  rE ¼ fV r  q ¼ 0 in V ð2Þ
statical bc : n  rE ¼ fA n  q ¼ 0 on Af ð3Þ
Then, Melan’s statical shakedown theorem can be formulated as
follows:
If there exists a time-independent residual stress ﬁeld qðxÞ, such
that the yield condition is satisﬁed for any loading path in the consid-
ered loading domain at any time t and in any point x of the structure,
then the system will shake down.
f rEðx; tÞ þ qðxÞ;rY ðxÞ
 
6 0; 8x 2 V ; 8t ð4Þ2.2. Description of loading domain
We limit ourselves to loading histories Hðx; tÞ, which can be de-
scribed as superposition of ﬁnite numbers NL of different loading
sets P‘ðx; tÞ. Then, load multipliers l‘ðtÞ can be introduced for
any loading case ‘ reﬂecting the time-dependence of the loading.
Here, all loads are normalized by the unity load P0ðxÞ.
Hðx; tÞ ¼
XNL
‘¼1
P‘ðx; tÞ ¼
XNL
‘¼1
l‘ðtÞP0ðxÞ ð5Þ
As shown by König (1987), it is sufﬁcient to only consider the
convex hull of the loading history. For this, the bounding values
lþ‘ and l‘ of each multiplier l‘ are introduced. Thereby, the set
U of all possible combinations of loading sets within these bounds
can be deﬁned through merging all loading multipliers to the
vector l ¼ l‘e‘.
U ¼ l 2 RNLjl‘ 6 l‘ 6 lþ‘ ;8‘ 2 1;NL½ 
  ð6Þ
Then, the loading domain X is described as set of all possible load-
ing histories contained within this convex hull U.
X ¼ Hðx; tÞ Hðx; tÞ ¼
XNL
‘¼1
l‘ðtÞP0ðxÞ; 8l 2 U

( )
ð7Þ
Consequently, the elastic reference stresses are split in analogy to (5).
rEðx; tÞ ¼
XNL
‘¼1
l‘ðtÞrE‘ ðxÞ ð8Þ2.3. Discretization
Using the ﬁnite element method (FEM), the stresses are approx-
imately represented by their values in the Gaussian points, which
will be referred to by the index r 2 ½1;NG, where NG is the total
number of Gaussian points in the system. Then, the ﬁctitious elas-
tic stresses rEr;‘ can be computed for any loading case ‘ by purely
elastic analysis.
rEr ðtÞ ¼
XNL
‘¼1
l‘ðtÞrEr;‘ ð9Þ
The loading domain X from (7) spanned by the NL given loads is
polyhedral with NC ¼ 2NL corners. In order to ensure shakedown
for all possible loading paths inside of X it is sufﬁcient to examine
these corners only. Thus, the time-dependence of rEr can be ex-
pressed through the stress states in the corners j 2 ½1;NC of the
loading domain. This is done by introducing the matrix
UNL 2 RNCNL with entries Uj‘ where j 2 ½1;NC and ‘ 2 ½1;NL. For
details we refer to Simon and Weichert (2012).
rE;jr ¼
XNL
‘¼1
Uj‘rEr;‘ ð10Þ
From (2) follows that the elastic reference stress ﬁeld rE is in
equilibrium with the external loading whereas the residual stress
ﬁeld q is self-equilibrated. This can be expressed using the princi-
ple of virtual work (Groß-Weege, 1997), where de denotes any
virtual strain ﬁeld which satisﬁes the kinematical boundary
conditions.Z
V
de : qdV ¼ 0 ð11Þ
Using the FEM with isoparametric elements, the displacements u
are approximated by appropriate shape functions and nodal dis-
placements uK . Introducing the differentiation matrix BðxÞ, the
strain ﬁeld e can be expressed by uK as well.
Fig. 1. Kinematic hardening considered as translation of the yield surface in stress
space.
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2
ruþ urð Þ ¼ BðxÞ  uK ð12Þ
Then, the principle of virtual work (11) reads as follows.Z
V
de : qdV ¼ duK 
Z
V
BðxÞ : qdV ¼ 0)
Z
V
BðxÞ : qdV ¼ 0 ð13Þ
This integration is carried out numerically using Gaussian
points GP with Cartesian GPx and natural coordinates GPn, respec-
tively, and weighting factors wi. The transformation between the
coordinate systems is given by the Jacobian J ¼ @x=@n.Z
V
BðxÞ : qdV ¼ 00
XNE
j¼1
00XNGE
i¼1
wi det Jj
GPn
j
i
  B GPxji   q GPxji  ð14Þ
Here, 00
P 00 represents the transition from the element-level to
the system-level. Thereby (11) is approximated by a system of lin-
ear equations for the residual stresses qr in the Gaussian points.Z
V
BðxÞ : qdV ¼:
XNG
r¼1
Cr  qr ¼ 0 ð15Þ
The equilibrium matrices Cr 2 RmE6 depend only on the geom-
etry of the system and the applied element type and take into ac-
count the kinematical boundary conditions. Their dimension is
mE ¼ 3NK  NBC, where NK is the total number of nodes and NBC
the number of kinematical boundary conditions.
2.4. Resulting nonlinear optimization problem
Using (10) and (15) and introducing the loading factor a > 1,
the statical shakedown theorem (4) can be formulated as optimiza-
tion problem:
ðPMelanÞaSD ¼max
qr
a
XNG
r¼1
Cr  qr ¼ 0 ð16aÞ
f arE;jr þ qr;rY ;r
	 

6 0; 8j 2 ½1;NC; 8r 2 ½1;NG ð16bÞ
It is worth to mention, that due to the discretization the bound-
ing properties of the computed shakedown factor may not hold
anymore in the strict sense.3. Consideration of limited kinematical hardening
3.1. Two-surface model
In order to take into account the limited kinematical hardening
we use the two-surface model proposed by Weichert and
Groß-Weege (1988). The kinematical hardening is considered as
a motion of the yield surface in stress space without change of
orientation, form or size. This motion is described by the six-
dimensional vector of back-stresses p which represents the trans-
lation of the yield surface’s center, Fig. 1. The limitation of harden-
ing is captured through the introduction of a second surfaces
corresponding to the ultimate stress rH , which bounds the move-
ment of the yield surface.
Thereby, the total stresses are decomposed into the back stres-
ses p and the reduced stresses t, which are responsible for the
occurrence of plastic strains.
rðx; tÞ ¼ pðx; tÞ þ tðx; tÞ ð17Þ
As before, the total stresses are divided as follows.
rjr ¼ arE;jr þ qr ð18ÞThe reduced stresses tjr can be expressed in an analogous man-
ner, keeping in mind that the back stresses are time-independent
and thus not dependent on the considered corner j of the loading
domain, because the bounding surface is ﬁxed in stress space.
tjr ¼ rjr  pr ¼ arE;jr þ qr  pr ð19Þ
Thereby, Melan’s theorem accounting for limited kinematical hard-
ening can be given as follows.
ðPHMelanÞaSD¼maxqr ;pr aXNG
r¼1
Cr  qr ¼0 ð20aÞ
fY arE;jr þ qr pr ;rY;r
	 

60; 8j2 ½1;NC; 8r2 ½1;NG ð20bÞ
fH arE;jr þ qr ;rH;r
	 

60; 8j2 ½1;NC; 8r2 ½1;NG ð20cÞ3.2. Tailoring to von Mises criterion
Both the yield surface fYðt;rYÞ as well as the bounding surface
fHðr;rHÞ are described by the von Mises criterion, which can be
written as follows, where d and r are used as placeholders.
f d;rð Þ ¼ d1  d2ð Þ2 þ d2  d3ð Þ2 þ d3  d1ð Þ2
þ 6 d4ð Þ2 þ d5ð Þ2 þ d6ð Þ2
h i
 2r2 ð21Þ
As proposed by Akoa et al. (2007), the following constant transfor-
mation matrices are introduced:
L ¼ 1ﬃﬃﬃ
2
p
2
1
ﬃﬃﬃ
3
p ﬃﬃﬃ
2
p ﬃﬃﬃ
2
p ﬃﬃﬃ
2
p
0BBBBBB@
1CCCCCCA and
T ¼ 1
2
ﬃﬃﬃ
6
p
ﬃﬃﬃ
6
p ﬃﬃﬃ
6
p ﬃﬃﬃ
6
p

ﬃﬃﬃ
6
p ﬃﬃﬃ
6
p ﬃﬃﬃ
6
p

ﬃﬃﬃ
6
p

ﬃﬃﬃ
6
p ﬃﬃﬃ
6
p
2
2
2
0BBBBBBBBB@
1CCCCCCCCCA
ð22Þ
Further, introducing T 2 R65 as the matrix T without its third
column T3 2 R6 and T1 2 R56 denoting the matrix T1 without
its third row T13 2 R6, the criterion (21) can be reformulated as
follows:
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Note, that this mathematical transformation from the six-
dimensional vector d to the ﬁve-dimensional one d can be justiﬁed
from physical point of view as well, because through this transfor-
mation one of the components is extracted, which corresponds to
the hydrostatic pressure and thus has no inﬂuence on the von
Mises criterion. The according formulations for the yield and the
bounding condition are achieved by substitution of rjr and t
j
r for
the placeholder d.
f ujr ;rH
	 
 ¼ ujr 22  2r2H where ujr ¼ LT  T1  rjr ð24Þ
f mjr ;rY
	 
 ¼ mjr 22  2r2Y where mjr ¼ LT  T1  tjr ð25Þ
Then, the condition (15) for the residual stresses has to be trans-
formed in the same manner.XNG
r¼1
Cr  qr ¼
XNG
r¼1
Cr  rjr  arE;jr
	 
 ¼ 0
) eA  u1 þ eB  v  ab ¼ 0 ð26Þ
Here, the extracted sixth component of the transformed stress
vector in the ﬁrst corner of the loading domain, j ¼ 1, is denoted
by v:
v ¼
T13  r11
T13  r12
..
.
T13  r1NG
0BBBBB@
1CCCCCA 2 RNG ð27Þ
Furthermore, the following abbreviations have been used. For de-
tails we refer to Simon and Weichert (2011).
u1 ¼ u11; . . . ;u1r ; . . . ;u1NG
 T ð28Þ
b ¼
XNG
r¼1
Cr  rE;1r ð29Þ
eA ¼ C1  T  LT j . . . jCr  T  LT j . . . jCNG  T  LTh i ð30ÞeB ¼ C1  T3j . . . jCr  T3j . . . jCNG  T3½  ð31Þ
Thereby, the information that the residual stresses are time-
independent gets lost and has to be reintroduced to the problem
as an additional constraint. The time-independence of q implies
an independence of the considered corner j of the loading domain.
qr ¼ rjr  arE;jr ¼ constðjÞ ð32Þ
This condition has to hold for all j 2 ½1;NC. Thus, it can be used
to link the stresses of different corners of the loading domain. We
chose the corners j and jþ 1 to achieve the following relation.
rjþ1r  arE;jþ1r ¼ qr ¼ rjr  arE;jr ð33aÞ
! rjþ1r ¼ rjr  a rE;jr  rE;jþ1r
	 
 ð33bÞ
Recalling the transformation (24), we end up with the following
additional constraint for the variables ujr .
ujþ1r ¼ ujr  acjr where cjr ¼ LT  T1  rE;jr  rE;jþ1r
	 
 ð34Þ
In the samemanner, an additional constraint for the variables mjr
can be given representing the fact that the back stresses pr are
time-independent.
mjþ1r ¼ mjr  acjr ð35Þ
Finally, the optimization problem resulting from the statical
shakedown theorem for limited kinematical hardening von Mises
materials is formulated as follows.ðPHÞmaxaeA  u1 þ eB  v  ab ¼ 0 ð36aÞ
ujþ1r ¼ ujr  acjr ; 8j 2 ½1;NC  1; 8r 2 ½1;NG ð36bÞ
mjþ1r ¼ mjr  acjr; 8j 2 ½1;NC  1; 8r 2 ½1;NG ð36cÞ
ujr
 2
2  2r2H;r 6 0; 8j 2 ½1;NC; 8r 2 ½1;NG ð36dÞ
mjr
 2
2  2r2Y ;r 6 0; 8j 2 ½1;NC; 8r 2 ½1;NG ð36eÞ4. Solution of the optimization problem by interior-point
method
For the purpose of a clear presentation, the problem is rewritten
in the following concise form:
ðPHIPÞmin f ðxÞ ¼ a
AH  x ¼ 0 ð37aÞ
cHðxÞ ¼ 2r2H;r  ujr
 2
2 P 0 ð37bÞ
cY ðxÞ ¼ 2r2Y ;r  mjr
 2
2 P 0 ð37cÞ
x 2 Rn ð37dÞ
where the variables of the problem are merged to the solution vec-
tor x of dimension n ¼ 10NC  NGþ NGþ 1.
x ¼ u11;u12; . . . ;ujr; . . . ;uNCNG; m11; m12; . . . ; mjr; . . . ; mNCNG;v;a
 T 2 Rn
ð38Þ
The problem ðPHIPÞ consists of mE ¼ mE þ 10NG  ðNC  1Þ equal-
ity constraints (36a)–(36c), represented by the afﬁne linear system
of Eq. (37a), and 2mI nonlinear concave inequality constraints
(37b) and (37c), where mI ¼ NC  NG. Since furthermore the objec-
tive function is linear, ðPHIPÞ is convex. Moreover, it is regular be-
cause there exists at least one feasible point x ¼ 0 in any case.
The inequality constraints are converted into equality con-
straints by introducing slack variables wH 2 RmI and wY 2 RmI .
Moreover, we use split variables y 2 Rn and z 2 Rn in order to avoid
numerical instabilities due to the unboundedness of the solution
vector (37d). Finally, as a key-idea of the interior-point method,
we perturb the objective function by logarithmic barrier terms,
which penalize directions leading outside of the feasible region.
Thereby, the barrier parameter l is introduced, which is a se-
quence tending to zero during the iteration.
flðx; y; z;wH;wY Þ ¼ f ðxÞ  l
Xn
i¼1
logðyiÞ þ
Xn
i¼1
logðziÞ þ
XmI
j¼1
logðwH;jÞ
"
þ
XmI
j¼1
logðwY ;jÞ
#
ð39Þ
The resulting optimization problem can then be expressed as
follows.
ðPHlÞmin flðx; y; z;wH;wY Þ
AH  x ¼ 0 ð40aÞ
cHðxÞ wH ¼ 0 ð40bÞ
cY ðxÞ wY ¼ 0 ð40cÞ
x y þ z ¼ 0 ð40dÞ
wH > 0; wY > 0; y > 0; z > 0 ð40eÞ
As already mentioned, the underlying optimization problem is
convex and regular. For such problems, the Karush–Kuhn–Tucker
condition is both necessary and sufﬁcient, which states that the
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saddle point. In particular, the Lagrangian LH of ðPHlÞ can be ex-
pressed as follows.
LH ¼ flðx; y; z;wH;wY Þ  kE  AH  xð Þ  kH  cHðxÞ wHð Þ
 kY  cYðxÞ wYð Þ  s  x y þ zð Þ ð41Þ
where kE 2 RmE ; kH 2 RmIþ ; kY 2 RmIþ and s 2 Rnþ are appropriate La-
grange multipliers. The saddle point condition can then be evalu-
ated as
rPLHðPÞ ¼ 0 ð42Þ
where P ¼ ½x; y; z;wH;wY ; kE; kH; kY ; sT denotes the vector of all
variables included in this problem.
Eq. (42) constitutes a system of nonlinear equations, which is
solved approximately by use of the Newton’s method. The vari-
ables Pkþ1 of the subsequent iteration step kþ 1 are computed
from the variables Pk of the previous one k and the step values
DPk as follows:
Pkþ1 ¼ Pk þ  kDPk ð43Þ
where  k denotes a diagonal matrix of damping factors, which is
introduced for numerical reasons. The step values DPk are deter-
mined from the following linearized system of equations.
JðPkÞ  DPk ¼ rPLHðPkÞ where JðPkÞ
¼ rPLHðPÞrPjP¼Pk ð44Þ
In each iteration step the Jacobian JðPkÞ is build and the linear-
ized system of Eq. (44) is solved for the step values DPk. Then, we
use an inner loop to ensure that this solution is sufﬁciently accu-
rate for the original nonlinear system. In case of negative compo-
nents in the slack or slip variables or in the Lagrange multipliers
of the inequality constraints, the computed step is damped to sat-
isfy the non-negativity conditions. Further damping may be neces-
sary, which is done by a linesearch procedure using the ‘2-merit
function. Once the damped step values are computed, the new
variables can be easily determined from (43). With these the break
condition is checked based on appropriate convergence criteria. If
the solution is not yet converged, the barrier parameter l is de-
creased and the next iteration step is entered. For further descrip-
tions of the numerical procedure we refer to Simon and Weichert
(2011).
5. Numerical examples
The described method is applied to two examples with two-
dimensional loading spaces, where the loads vary independently
in the following ranges.
0 6 P1 6 lþ1 P0 ð45aÞ
0 6 P2 6 lþ2 P0 ð45bÞ
The larger one of the two multipliers lþ1 and lþ2 is chosen equal
to 1, the other one is scaled to the ratio lþ1 =l
þ
2 or l
þ
2 =l
þ
1 , respec-
tively. The FEM-analyses has been carried out with the software
package ANSYS using isoparametric solid elements with eight nodes.Fig. 2. System and equivalent elastic stIn particular, we use the element solid45 for the structural analysis
and solid70 for the thermal one. The material parameters are
assumed to be temperature-independent. Furthermore, we only
consider steady-state processes assuming that the temperature is
applied sufﬁciently slow, and no transient thermal effects are
taken into account. In addition, creep due to high temperature is
not considered.
For all computations a Dell Precision T7500 with Xeon E5620-
processor with 2400 MHz and 12 GB RAM has been used.5.1. Square plate with circular central hole
To validate the proposed method, the classical problem of a
square plate with a circular central hole is considered ﬁrst for elas-
tic-perfectly plastic material behavior. The plate is subjected to
two surface tractions P1 and P2 perpendicular to its edges, as illus-
trated in Fig. 2(a). Due to the symmetry of the system only one
quarter of the plate is considered. The system is discretized by
400 elements and 882 nodes, using one element through the thick-
ness, see Fig. 2(b).
The characteristic dimensions are given in Table 1. The plate is
made of 2024–T6 aluminum with mechanical properties as given
in Table 2.
Since the pioneering work of Belytschko (1972), this problem
has been examined by many authors, e.g. Corradi and Zavelani
(1974); Carvelli et al. (1999); Zhang and Raad (2002); Liu et al.
(2005); Garcea et al. (2005); Krabbenhøft et al. (2007a); Chen
et al. (2008); Tran et al. (2010); Nguyen-Thoi et al. (2010). In addi-
tion, comparative studies have been presented in e.g. Groß-Weege
(1997); Zouain et al. (2002); Liu et al. (2005); Krabbenhøft et al.
(2007a); Simon and Weichert (2011). The numerical results of
the present algorithm IPSA are compared to the mentioned ones
for the three cases P2 ¼ 0; P2 ¼ 0:5P1 and P2 ¼ P1 in Table 3. The
presented values are scaled with the ratio P0=rY and thus prob-
lem-independent.
As one can see in Table 3, the results obtained by the proposed
method are in agreement with the values from literature, which is
a good validation for the perfectly plastic case.5.2. Plate under thermo-mechanical loading
In the second example, the limited kinematical hardening is
incorporated. In particular, we consider a plate subjected to a
normal traction p in x-direction and a Bree-type temperature
distribution. The system is illustrated in Fig. 2 as well as the linear
distribution of temperature across the width of the plate, which
has been calculated by ANSYS using the arbitrary value
DT ¼ T1  T0 ¼ 100 K.
The plate is made of steel X6CrNiNb 18-10 and assumed to be
homogeneous isotropic. The material parameters are given in Table
4.
Taking into account the symmetry of the system, the mesh con-
sists of 676 nodes and 432 elements, where three elements over
the thickness are used. The elastic stress ﬁeld due to the normal
traction p is homogeneous with rx ¼ p and ry ¼ mp, whereas theresses due to temperature loading.
Table 1
Dimensions of the square plate.
Length L in [mm] 100
Thickness t in [mm] 2
Diameter D in [mm] 20
Table 2
Mechanical characteristics.
Young’s modulus [MPa] 7:24 104
Yield stress [MPa] 345
Poisson’s ratio 0.33
Density [kg/m3] 2:78 103
Table 3
Comparison of numerical results for the square plate.
P2 ¼ P1 P2 ¼ P1=2 P2 ¼ 0
Zouain et al., 2002 0.429 0.500 0.594
Krabbenhøft et al., 2007a 0.430 0.499 0.595
Schwabe, 2000 0.430 0.505 0.595
Belytschko, 1972 0.431 0.501 0.571
Tran et al., 2010 0.434 – 0.601
Garcea et al., 2005 0.438 0.508 0.604
Groß-Weege, 1997 0.446 0.524 0.614
present solution 0.458 0.531 0.627
Akoa et al., 2007 0.466a – 0.637a
Liu et al., 2005 0.477 0.549 0.647
Chen et al., 2008 0.480 0.553 0.649
Chen and Ponter, 2001 0.492a – 0.667a
Zhang and Raad, 2002 0.494 – 0.574
Carvelli et al., 1999 0.518 – 0.696
a Scaled with rY=P0
Table 4
Thermal and mechanical characteristics.
Young’s modulus [MPa] 2:0 105
Yield stress [MPa] 205
Poisson’s ratio 0.3
Density [kg/m3] 7:9 103
Thermal conductivity [W/(mK)] 15
Speciﬁc heat capacity [J/(kgK)] 500
Coefﬁcient of thermal expansion [1/K] 1:6 105
Fig. 3. Results of shakedow
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alent elastic stress 88.882 MPa using the arbitrary value
p ¼ 100 MPa.
The results of the shakedown analysis are presented in Fig. 3. In
particular, the elastic domain is shown (dotted line) as well as
shakedown domains without consideration of hardening for the
yield stress rY ¼ 205 MPa (solid line) and for some multiples of
the yield stress rY;1 ¼ 1:25rY ; rY ;2 ¼ 1:5rY and rY;3 ¼ 1:75rY
(dash-dot lines). In addition, the shakedown domains including
hardening are plotted for different values of ultimate stresses
rH;1 ¼ 1:25rY ; rH;2 ¼ 1:5rY and rH;3 ¼ 1:75rY as well as for
unlimited kinematical hardening (solid lines). Both axes are scaled
to the according value p0 and DT0, respectively, for perfectly plastic
material behavior.
In both the perfectly plastic and the hardening case, one can
clearly identify the two mechanisms of alternating plasticity and
incremental collapse. In case of predominating temperature, all
shakedown curves coincide with the one for unlimited hardening,
which represents alternating plasticity. Here, no inﬂuence of hard-
ening can be observed. On the other hand, failure is due to incre-
mental collapse in the regime of predominating normal tractions.
The limited kinematical hardening inﬂuences the shakedown
curves such that the according domains increase in direct propor-
tion with the ratio rH=rY . Thus, the hardening curves coincide with
the ones without hardening but with premultiplied yield stress in
this range. The elastic limit load and the shakedown load for per-
fectly plastic behavior are the same when only the normal traction
is applied, which is reasonable because the homogeneous stress
ﬁeld does not allow any plastic reserve.
To validate the presented results, we compare them to the ones
given by Heitzer et al. (2000) and Schwabe (2000), see Fig. 4. These
works are based on the static approach as well, but differ in the
chosen solution strategies. Heitzer et al. (2000) applied the basis
reduction technique, whereas Schwabe (2000) used the program
LANCELOT (Conn et al., 1992), which is based on the augmented
Lagrangian method.
The presented results are in agreement with the references. The
only difference can be observed for the perfectly plastic shakedown
domain, where IPSA captures the transition from one mechanism to
the other in a sharper way.
The inﬂuence of hardening on the numerical details is given in
Table 5. As one can see, the number of needed iterations is hardlyn analysis of the plate.
Fig. 4. Comparison of numerical shakedown analysis of the plate.
Table 5
Inﬂuence of hardening on numerical details.
Perfectly plastic Hardening
n 72577 141697
mE 53868 105708
mI 13824 27648
£ Iterations 3 802 3 869
£ CPU-time [s] 636 965
Table 6
Dimensions of ﬂanged pipe.
Length L in [mm] 386.9
Inner radius Ri in [mm] 60.0
Outer radius Ra;1 in [mm] 68.1
Outer radius Ra;2 in [mm] 77.8
Outer radius Ra;3 in [mm] 90.5
Table 7
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number of variables.Mechanical characteristics
Young’s modulus [MPa] 2:0 105
Yield stress [MPa] 200
Poisson’s ratio 0.35.3. Flanged pipe under internal pressure and axial force
The second example is a ﬂanged pipe with three different outer
radii subjected to an internal pressure p and an axial force Q,Fig. 5. System, model and equivalent elastic stresses for the ﬂanged pipe.
Fig. 6. Results of shakedown analysis of the ﬂanged pipe.
Fig. 7. Comparison with results from Mouhtamid (2007).
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et al. (2008).
For comparability, the dimensions as well as the material data
are adopted from Mouhtamid (2007), see Table 6 and Table 7.
As shown in Fig. 5(b), we utilize the rotational symmetry of the
system to end up with a mesh consisting of 265 elements and 678
nodes, where one element across the thickness is used. The equiv-
alent elastic stresses are presented in Fig. 5(c) and (d) computed for
the values p ¼ 10 MPa and Q ¼ 113:097 kN, respectively. Note,
that these values are taken fromMouhtamid (2007), but the elastic
stresses reported there are not exactly the same due to a different
mesh. There the maximum equivalent stress under axial force is
106.465 MPa, whereas we get 100.143 MPa in the current
calculation.
The result of the shakedown analysis is given in Fig. 6. As in the
ﬁrst example, the elastic domain is shown (dotted line) as well asthe shakedown domains without consideration of hardening for
the yield stress rY ¼ 200 MPa (solid line) and for multiples of the
yield stress rY;1 ¼ 1:25rY and rY;2 ¼ 1:5rY (dash-dot lines). In
addition, the shakedown domains including hardening are plotted
for different values of ultimate stresses rH;1 ¼ 1:25rY and
rH;2 ¼ 1:5rY as well as for unlimited kinematical hardening (solid
lines).
Again, for the perfectly plastic case as well as for the hardening
one the different mechanisms of alternating plasticity and incre-
mental collapse can be clearly distinguished from each other. In
the regime of predominating axial force all shakedown curves
coincide indicating that the alternating plasticity criterion is deci-
sive here. The hardening has no inﬂuence on the shakedown load,
which is exactly the double of the elastic limit load. On the con-
trary, in the regime of predominating internal pressure the shake-
down limit is due to incremental collapse. There, hardening leads
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according shakedown curves are almost identical to the ones of
premultiplied perfect plasticity. In all cases, the two curves repre-
senting the different mechanisms pass into each other seamlessly.
It is worth to mentioned, that the average value of running time is
only 5 min per calculation, approximately.
Closing, in Fig. 7 the results are compared to the ones reported
by Mouhtamid (2007), which have been computed on the basis of
the augmented Lagrangian method using the program LANCELOT
(Conn et al., 1992). The mentioned difference in the elastic stresses
is reﬂected in a comparable difference in the alternating plasticity
curve for unlimited hardening. Except of that, the match of the re-
sults is satisfying, especially for limited kinematical hardening
with rH ¼ 1:5rY .6. Conclusions
We have presented a method for shakedown analysis of engi-
neering structures taking into account limited kinematical harden-
ing material behavior. The method is based on Melan’s statical
shakedown theorem, which has been extended for limited kine-
matical hardening using a two-surface model.
The proposed technique is successfully implemented into the
interior-point algorithm IPSA recently developed by the authors,
which is specially designed for the von Mises criterion. The ex-
tended algorithm has been applied to two examples and its accu-
racy has been illustrated by validation with reference solutions
from literature. The algorithm is characterized by a very efﬁcient
solution strategy and thus is suitable for application to large-scale
engineering structures. To our knowledge, no running times for
shakedown analysis with consideration of limited kinematical
hardening have been reported in the literature so far. Therefore,
we only can assume that the presented method leads to a signiﬁ-
cant reduction of CPU-time compared to others. This assumption
can be justiﬁed from observations for the perfectly plastic case,
see Simon and Weichert (2011).
References
Akoa, F., Hachemi, A., An, L., Mouhtamid, S., Tao, P., 2007. Application of lower
bound direct method to engineering structures. J. Global. Optim. 37, 609–630.
Andersen, E., Jensen, B., Jensen, J., Sandvik, R., Worsøe, U., 2009. MOSEK version 6.
Technical Report TR-2009-3. MOSEK.
Andersen, E., Roos, C., Terlaky, T., 2003. On implementing a primal-dual interior-
point method for conic quadratic optimization. Math. Program 95, 249–277.
Belytschko, T., 1972. Plane stress shakedown analysis by ﬁnite elements. Int. J.
Mech. Sci. 14, 619–625.
Bisbos, C., Makrodimopoulos, A., Pardalos, P., 2005. Second-order cone
programming approaches to static shakedown analysis in steel plasticity.
Optim. Method. Softw. 20, 25–52.
Byrd, R., Hribar, M., Nocedal, J., 2000. An interior point algorithm for large-scale
nonlinear programming. SIAM J. Optim. 9, 877–900.
Carvelli, V., Cen, Z., Liu, Y., Maier, G., 1999. Shakedown analysis of defective pressure
vessels by a kinematic approach. Arch. Appl. Mech. 69, 751–764.
Chen, H., Ponter, A., 2001. Shakedown and limit analyses for 3-D structures using
the linear matching method. Int. J. Press Ves. Pipe. 78, 443–451.
Chen, S., Liu, Y., Cen, Z., 2008. Lower bound shakedown analysis by using the
element free Galerkin method and non-linear programming. Comput. Method.
Appl. Mech. Engrg. 197, 3911–3921.
Conn, A., Gould, N., Toint, P., 1992. LANCELOT: A Fortran Package for Large-Scale
Nonlinear Optimization (Release A). Springer Series Comput Math, vol. 17.
Heidelberg/New York.
Corigliano, A., Maier, G., Pycko, S., 1995. Kinematic criteria of dynamic shakedown
extended to nonassociate constitutive laws with saturation nonlinear
hardening. Redic Accad. Lincei IX 6, 55–64.
Corradi, L., Zavelani, A., 1974. A linear programming approach to shakedown
analysis of structures. Comput. Method. Appl. Mech. Engrg. 3, 37–53.
Forsgren, A., Gill, P., Wright, M., 2002. Interior methods for nonlinear optimization.
SIAM Rev. 44, 525–597.
Garcea, G., Armentano, G., Petrolo, S., Casciaro, R., 2005. Finite element shakedown
analysis of two-dimensional structures. Int. J. Numer. Method. Engng. 63, 1174–
1202.Griva, I., Shanno, D., Vanderbei, R., Benson, H., 2008. Global convergence analysis of
a primal-dual interior-point method for nonlinear programming. Algorithm
Oper. Res. 3, 12–19.
Groß-Weege, J., 1997. On the numerical assessment of the safety factor of elastic–
plastic structures under variable loading. Int. J. Mech. Sci. 39, 417–433.
Groß-Weege, J., Weichert, D., 1992. Elastic–plastic shells under variable mechanical
and thermal loads. Int. J. Mech. Sci. 34, 863–880.
Hachemi, A., Mouhtamid, S., Nguyen, A., Weichert, D., 2009. Application of
shakedown analysis to large-scale problems with selective algorithm. In:
Weichert, D., Ponter, A. (Eds.), Limit States of Materials and Structures. Springer,
pp. 289–305.
Hachemi, A., Mouhtamid, S., Weichert, D., 2005a. Application of lower bound direct
method to large-scale problems. PAMM – Proc. Appl. Math. Mech. 5, 23–26.
Hachemi, A., Mouhtamid, S., Weichert, D., 2005b. Progress in shakedown analysis
with applications to composites. Arch. Appl. Mech. 74, 762–772.
Heitzer, M., 1999. Traglast- und Einspielanalyse zur Bewertung der Sicherheit
passiver Komponenten. Ph.D. thesis, Forschungszentrum Jülich, RWTH Aachen,
Germany.
Heitzer, M., Pop, G., Staat, M., 2000. Basis reduction for the shakedown problem for
bounded kinematical hardening material. J. Global. Opt. 17, 185–200.
König, J., 1987. Shakedown of Elastic–Plastic Structures. Elsevier, Amsterdam.
König, J., Siemaszko, A., 1988. Shakedown of elastic–plastic structures. Ing. Arch. 58,
58–66.
Krabbenhøft, K., Damkilde, L., 2003. A general nonlinear optimization algorithm for
lower bound limit analysis. Int. J. Numer. Method. Engng. 56, 165–184.
Krabbenhøft, K., Lyamin, A., Sloan, S., 2007a. Bounds to shakedown loads for a class
of deviatoric plasticity models. Comput. Mech. 39, 879–888.
Krabbenhøft, K., Lyamin, A., Sloan, S., 2007b. Formulation and solution of some
plasticity problems as conic programs. Int. J. Solids Struct. 44, 1533–1549.
Krabbenhøft, K., Lyamin, A., Sloan, S., Wriggers, P., 2007c. An interior-point
algorithm for elastoplasticity. Int. J. Numer. Method. Engng. 69, 592–626.
Liu, Y., Zhang, X., Cen, Z., 2005. Lower bound shakedown analysis by the symmtric
Galerkin boundary element method. Int. J. Plast. 21, 21–42.
Lyamin, A., Sloan, S., 2002. Lower bound limit analysis using nonlinear programing.
Int. J. Numer. Method. Engng. 55, 573–611.
Maier, G., Pastor, J., Ponter, A., Weichert, D., 2003. Direct methods of limit and
shakedown analysis. In: de Borst, R., Mang, H. (Eds.), Comprehensive Structural
Integrity – Fracture of Materials from Nano to Macro, Numerical and
Computational Methods, vol. 3. Elsevier, pp. 637–684.
Makrodimopoulos, A., 2006. Computational formulation of shakedown analysis as a
conic quadratic optimization problem. Mech. Res. Commun. 633, 72–83.
Mandel, J., 1976. Adaptation d’une structure plastique ecrouissable et
approximations. Mech. Res. Commun. 3, 483–488.
Melan, E., 1938a. Der Spannungszustand eines Mises-Hencky’schen Kontinuums bei
veränderlicher Belastung. Sitzungsber Akad Wiss Wien, math-nat Kl, Abt IIa
147, 73–87.
Melan, E., 1938b. Zur Plastizität des räumlichen Kontinuums. Ing. Arch. 9, 116–126.
Mouhtamid, S., 2007. Anwendung direkter Methoden zur industriellen Berechnung
von Grenzlasten mechanischer Komponenten. Ph.D. thesis, Institute of General
Mechanics, RWTH Aachen University, Germany.
Mroz, Z., Weichert, D., Dorosz, S., 1995. Inelastic Behavior of Structures under
Variable Loads. Kluwer Academic Publishers.
Nguyen, Q.S., 2003. On shakedown analysis in hardening plasticity. J. Mech. Phys.
Solids 51, 101–125.
Nguyen-Thoi, T., Vu-Do, H., Rabczuk, T., Nguyen-Xuan, H., 2010. A node-based
smoothed ﬁnite element method (NS-FEM) for upper bound solution to visco-
elastoplastic analyses of solids using triangular and tetrahedral meshes.
Comput. Method. Appl. Mech. Engrg. 199, 3005–3027.
Pastor, F., Loute, E., 2010. Limit analysis decomposition and ﬁnite element mixed
method. J. Comput. Appl. Math. 234, 2213–2221.
Pastor, F., Loute, E., Pastor, J., Trillat, M., 2009. Mixed method and convex
optimization for limit analysis of homogeneous Gurson materials: a kinematic
approach. Eur. J. Mech. A—Solids 28, 25–35.
Pastor, F., Thoré, P., Loute, E., Pastor, J., Trillat, M., 2008. Convex optimization and
limit analysis: application to Gurson and porous Drucker–Prager materials. Eng.
Fract. Mech. 75, 1367–1383.
Pham, D., 2007. Shakedown theory for elastic plastic kinematic hardening bodies.
Int. J. Plast. 23, 1240–1259.
Pham, D., 2008. On shakedown theory for elastic–plastic materials and extensions. J.
Mech. Phys. Solids 56, 1905–1915.
Pham, D., Weichert, D., 2001. Shakedown analysis for elastic–plastic bodies with
limited kinematical hardening. Proc. R Soc. Lond. A 457, 1097–1110.
Pham, P., Vu, D., Tran, T., Staat, M., 2010. An upper bound algorithm for shakedown
analysis of elastic–plastic bounded linearly kinematic hardening bodies. In:
Proc. ECCM 2010.
Ponter, A., 1975. A general shakedown theorem for elastic plastic bodies with work
hardening. In: Proc. SMIRT-3, paper L5/2.
Potra, F., Wright, S., 2000. Interior-point methods. J. Comput. Appl. Math. 124, 281–
302.
Schwabe, F., 2000. Einspieluntersuchungen von Verbundwerkstoffen mit
periodischer Mikrostruktur. Ph.D. thesis, Institute of General Mechanics,
RWTH Aachen University, Germany.
Simon, J.W., Chen, M., Weichert, D., 2010. Shakedown analysis combined with the
problem of heat conduction. In: ASME Conf. Proc. PVP2010, pp. 133–142.
2186 J.-W. Simon, D. Weichert / International Journal of Solids and Structures 49 (2012) 2177–2186Simon, J.W., Weichert, D., 2010. Interior-point method for the computation of
shakedown loads for engineering systems. In: ASME Conf. Proc. ESDA2010, pp.
253–262.
Simon, J.W., Weichert, D., 2011. Numerical lower bound shakedown analysis of
engineering structures. Comput. Method. Appl. Mech. Engrg. 200, 2828–2839.
Simon, J.W., Weichert, D., 2012. Shakedown analysis with multidimensional loading
spaces. Comput. Mech. 49, 477–485.
Staat, M., Heitzer, M., 2002. The restricted inﬂuence of kinematical hardening on
shakedown loads. In: Proc. WCCM V.
Stein, E., Zhang, G., Huang, Y., 1993. Modeling and computation of shakedown
problems for nonlinear hardening materials. Comput. Method. Appl. Mech.
Engrg. 103, 247–272.
Stein, E., Zhang, G., König, J., 1992. Shakedown with nonlinear strain-hardening
including structural computation using ﬁnite element method. Int. J. Plast. 8, 1–
31.
Stein, E., Zhang, G., Mahnken, R., König, J., 1990. Micromechanical modelling and
computation of shakedown with nonlinear kinematic hardening including
examples for 2-D problems. In: Axelard, D., Muschik, W. (Eds.), Recent
Developments of Micromechanics. Springer.
Tran, T., Liu, G., Nguyen-Xuan, H., Nguyen-Thoi, T., 2010. An edge-based smoothed
ﬁnite element method for primal-dual shakedown analysis of structures. Int. J.
Numer. Method. Engng. 82, 917–938.
Trillat, M., Pastor, J., 2005. Limit analysis and Gurson’s model. Eur. J. Mech. A—Solids
24, 800–819.
Vanderbei, R., 1999. LOQO: an interior point code for quadratic programming.
Optim. Meth. Softw., 451–484.
Vu, D., Staat, M., 2007. Analysis of pressure equipment by application of the primal-
dual theory of shakedown. Commun. Numer. Method. Engng. 23, 213–225.Vu, D., Yan, A., Nguyen-Dang, H., 2004. A dual form for discretized kinematic
formulation in shakedown analysis. Int. J. Solids Struct. 41, 267–277.
Wächter, A., Biegler, L., 2005. Line-search ﬁlter methods for nonlinear
programming: Motivation and global convergence. SIAM J. Optim. 16, 1–31.
Wächter, A., Biegler, L., 2006. On the implementation of an interior-point ﬁlter line-
search algorithm for large-scale nonlinear programming. Math. Program 106,
25–57.
Waltz, R., Morales, J., Nocedal, J., Orban, D., 2006. An interior algorithm for nonlinear
optimization that combines line search and trust region steps. Math. Program
107, 391–408.
Weichert, D., Groß-Weege, J., 1988. The numerical assessment of elastic–plastic
sheets under variable mechanical and thermal loads using a simpliﬁed two-
surface yield condition. Int. J. Mech. Sci. 30, 757–767.
Weichert, D., Hachemi, A., Mouhtamid, S., Nguyen, A., 2008. On recent progress in
shakedown analysis and applications to large-scale problems. In: IUTAM Symp.
Theoretical, Comput. Model. Aspects of Inelastic Media, vol. 11, pp. 349–359.
Weichert, D., Maier, G., 2000. Inelastic Analysis of Structures under Variable
Repeated Loads. Kluwer Academic Publishers, Dordrecht.
Weichert, D., Ponter, A., 2009. Limit States of Materials and Structures. Springer,
Wien/New York.
Wright, M., 2004. The interior-point revolution in optimization: history, recent
developments and lasting consequences. Bull. Amer. Math. Soc. 42, 39–56.
Zarka, J., Casier, J., 1981. Elastic–plastic response of a structure to cyclic loading:
practical rule. In: Nemat-Nasser, S. (Ed.), Mechanics Today, vol. 6. Pergamon.
Zhang, T., Raad, L., 2002. An eigen-mode method in kinematic shakedown analysis.
Int. J. Plast. 18, 71–90.
Zouain, N., Borges, L., Silveira, J., 2002. An algorithm for shakedown analysis with
nonlinear yield functions. Comput. Method. Appl. Mech. Engrg. 191, 2463–
2481.
